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Abstract. We introduce local topological entropy htop{T,U) and two kinds of 
local measure-theoretic entropy hp"^' {T,U) and h^i^^'^ {T^U) for random bundle 
transformations. We derive a variational inequality of random local entropy 
for h^f^^^ (T^IA). As an application of such relation we prove a local variational 
principle in random dynamical system. 

1. Introduction. Since tlie introduction of measure-tlieoretical entropy for an in- 
variant measure [19] and topological entropy [1], the relationship between these two 
kinds of entropy has gained a lot of attention. By the work of Goodwyn [13] and 
Goodman [12], the classical variational principle was completed, namely, 



SUp/l^((y5) = htop{Lp), 



where is a homeomorphism from a compact metric space X to itself, and the 
supremum is taken over all invariant measures. A short proof for it was given by 
Misiurewicz [23] . For a factor map between two dynamical systems {X, ip) and {Y, </>) 
the notions of relative topological entropy htopif,X \ Y) and relative measure- 
theoretical entropy h^{(p, X \ Y) for an invariant measure were also introduced [20]. 
Ledrappier et al. [20] and Downarowicz et al. [9] obtained the relative variational 
principle 

snvh^{ip,X I Y)^htop{^,X I Y). 

The random topological entropy has been studied by Kifer [17] for the independent 
identically distributed random transformations. For the random transformations 
T and the corresponding skew product transformation OifixX^-fixX, he 
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suggested the following relation between random measure-theoretical entropy and 
random topological entropy: 

sup{ft.Jj^^(r) : fi is 0-invariant} ^ /itop(T'), 

where h'i[\T) and /itop(r) are the random measure-theoretical entropy and random 
topological entropy, respectively. This result was extended by Bogenschiitz [4] to 
random transformations acting on one space. Kifer [18] formulated this variational 
principle in full generality for random bundle transformations. 

The entropy concept can be localized by defining entropy pairs or tuples both 
in measure-theoretical and topological situations [11]. To study the relationship 
between the two kinds of entropy pairs or tuples, one needs a local version of the 
variational principle. Blanchard et al. [3] showed that for a given topological dy- 
namical system {X, ip) and an open cover oi X there exists an invariant measure 
fj. with infa hfi{ip,a) > /itop(v') where the infimum is taken over all partitions 
of X which are finer than . Huang et al. [16] provided some kind of converse 
statement of this result. To study the question of whether the two quantities is 
equal or not, Romagnoli [25] introduced two kinds of measure-theoretical entropy 
h~ and /i+ for covers. He showed that for a topological dynamical system {X, ip) 
there is an invariant measure fi with h~{ip,'^) = htopi^^^), and consequently 
obtained the local variational principle for a given open cover, i.e. 

For a factor map between two topological dynamical systems (X, 1^9) and (y,</>), 
Huang et al. [15] introduced two notions of measure-theoretical conditional entropy 
for covers, namely h~{(p, ^ \ Y) and h^{(p, ^ \Y). They showed that for the factor 
map and a given open cover oi X , the local relative variational principle holds, 
i.e. 

max/i-((^,'^ I Y) = htopif,"^ \ Y). 

We remark that the classical variational principle could follow from the local ones 
or the relative ones by some simple arguments. 

Now it is a natural question if there exists a local variational principle for random 
bundle transformations. We will address this question in the current paper. 

To study the question we introduced two notions of random measure-theoretical 
entropy for covers in random dynamical system, namely h^f^"^ (T, U) and /ilr-*^ (T, U) . 
We derive a variational inequality of random entropy for li^j^^^ {T ,14) , i.e. for a given 
open cover lA of the measurable subset 8 C 17 x X, there always exists a 0-invariant 
measure such that h^^''^ [T ,U) > htop{T,U). Moreover, Using this variational 
inequality, we could show that for a given open cover U, 

Taa,x{h^^^~ (T,U) : fi is 0-invariant} — htop{T,U), 

The classical variational principle for random bundle transformations follows from 
the local one. 

This paper is organized as follows. In Section 2, we recall the notion of random 
measure-theoretical entropy, introduce the notions of random measure-theoretical 
entropy and topological entropy for covers and give the relationship of them. In 
Section 3, we introduce another notion of random measure-theoretical entropy for 
covers and prove a variational inequality of random entropy. In Section 4, we give 
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some relations of the two notions of random measure-theoretical entropy for covers 
and prove the local variational principle for random bundle transformations. 

2. Preliminaries. The setup consists of a probability space {il,J^,P), together 
with a P-preserving transformation of a compact metric space X together with 
the distance function d and the Borel cr-algebra B, and of a set £ C x X mea- 
surable with respect to the product cr-algebra T x B and such that the fibers 
£ui — {x X : {uj,x) G £}, G il, are compact. The latter (see [6]) means that 
the mapping uj ^ £ui is measurable with respect to the Borel cr-algebra induced 
by the Hausdorff topology on the space IC{X) of compact subsets of X and that 
the distance function d{x,£^) is measurable in w G fi for each x £ X. We assume 
that F is complete, countably generated, and separated points, and so (fi, J", P) 
is a Lebesgue space. A continuous (or homeomorphic) bundle random dynamical 
system (RDS) T over (O, J", P, -d) is generated by map T^^ : £ui ^ £^uj with iterates 
T" = T^n-ii^ • • • lit^Ttj, n > 1, and = id, so that the map {uj,x) — ?► Ti^x is 
measurable and the map x T^x is a continuous map (or a homeomorphism, re- 
spectively) for P-almost surely (a.s.) u. The map Q : £ £ defined by 0(a;,x) ~ 
{•dio^T^x) is called the skew product transformation. 

A cover is a finite family of measurable subsets {[Aj^^j^ oi Q, x X such that 
UiLi Ui ~ ^ X X and the w-section Ui{u}) = {x £ X : (w, x) £ fl x X} is Borel for 
each i G {1, . . . , fc}. Obviously, h{{uj) = {[/^(w)}^^^ is a Borel cover of X in the usual 
sense. A partition oiflx X is & cover of 57 x A" whose elements are pairwise disjoint. 
An open cover of X X is a cover of 51 x A such that the w-sections of whose 
elements are open subsets of X. Denote the sets of partitions by Vnxx, the sets of 
covers by Cnxx, the sets of open covers by C^xx- Denote C^xx by the family of 
U G Cfjxx with the form U = {fl x Ui}, where {Ui} is an open cover of X. Clearly 
^nxx '-^ ^nxx- -'^'^^ the measurable subset £ C x A. we denote the restriction of 
Vnxx, Cuxx, Cqxx ^i^d C^xx on £ hyVe, Cs, C| and C| , respectively. Given two 
covers V G Cnxx, ^ is said to be finer than V (write ^ V) if each element of 
U is contained in some element of V. Let UVV = {U (1 V : U e U ,V e V} . Given 
integers M, A^ G N with AI < N and U G Cqxx or Vnxx, we use the notation 

Given U eCe, Let 

n-l 

N{T,uj,U, n) = min{#P : F is the finite subcover of \/ {Tl)-'^U{-d^uj) over 

i=0 

where #P denotes the cardinality of F. Note that N{T,uj,U,n) is measurable in 
Lo. Then we can let 

H{T,U,n)^ J log N{T,u;,U,n)dP{uj) . (1) 

Clearly, if there is another cover V ^ U then H{T,V,n) > H{T,U,n). In fact, for 
two covers Zi,V we have H{T,UVV,n) < H{T,U,n) + H{T,V,n). 

We now proceed by defining the random topological entropy of a cover W G Cg 
on £. Let a„ = log N{T,Lo,lA,n). It is easy to see that {a„} is a non-negative 
subadditive sequence, i.e. an+m ^ Q-n + Q-m ° Then by Kingman's subadditive 
ergodic theorem one can define the random topological entropy ofU on £ as 

htop{T,U) = lim -H{T,U,n) = inf -H{T,U,n). 

n-i-oo n n>l n 
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Moreover, if P is ergodic then P-a.s. 

/itop(r,W)= lim -\ogN{T,uj,U,n). 



(2) 



The random topological entropy of T on £ is defined by 

htopiT) = sup htopiT,U). 



(3) 



Note that the definition of N{T,uj,U,n) (hence htop{T,U)) above is shghtly dif- 
ferent from the one of 7rT(/)(w, e, n) given in [18], which is defined by separated 
sets. However, it is easy to see that the random topological entropy /itop(T') defined 
above is the same as the random topological pressure for the null function (i.e. the 
random topological entropy) defined in [18]. If (fi,7^, P, i?) is a trivial system, the 
above definition is the standard topological entropy in the deterministic case. 

Let VpiS) = {fJ. € Pp{n X X) : n{£) = 1}, where Vp{n x X) is the space 
of probability measures on ft x X with the marginal P on fl. Any jj, £ Vp{£) 
on £ can be disintegrated as dfj,{u},x) = d^u>{x)dP{u}) (See [10]), where /i^^ are 
regular conditional probabilities with respect to the tr-algebra J^£ formed by all sets 
(A X X) n £ with A € Let TZ = {TZi} be a finite measurable partition of £, and 
denote TZ{oj) ~ {7^i(w)}, where Tii^uj) ~ {x G £i^ : {cu, x) G TZi} is a partition of £ui. 
The conditional entropy of TZ given the tr-algebra J-£ is defined by 



H^iTZ I -Ff) = - / I ^£)logM(7^. I T£)d^i = / H^jnioj))dP{Lo), (4) 



where Hfj^^{A) denotes the usual entropy of a partition A. Let Ip{£) be the set 
of 0-invariant measures /i G Vp{£). If "d is invertible, then pL is 9-invariant if and 
only if the disintegrations piu> of ^ satisfy Tu,^u> = usuj P-a.s. [2]. The random 
measure-theoretical entropy h'i^\T) with respect to fj, G Ip{£) is defined by the 
formula 



/iW(r) = sup;iW(T, Q), where /iW(T, Q) = lim -H^{ \/ (QT'Q I -^e), (5) 



where the supremum is taken over all finite or countable measurable partitions 
Q = {Qi} oi £ with the finite conditional entropy H^{Q \ Tg) < oo, and the above 
limit exists in view of subadditivity of conditional entropy (cf. Kifer [17, Theorem 
II. 1.1]). From equality (4), it is not hard to see that h']^\T, Q) has the following 
fiber expression: 



Moreover, the resulting entropy remains the same by taking the supremum only 
over partitions Q of f into sets Qi of the form Qi ~ (Jl x Pi) n £, where V = {Pi} 
is a partition of X into measurable sets, so that Qi{uj) = H (See [4, 5, 17] for 
detail) . 

As in the topological case, when (51, P, i9) is a trivial system, the above notion 
is the standard metric entropy of T with respect to fi in the deterministic system. 
For the classical entropy of measure-theoretical entropy see [24, 26], for the classical 
theory of topological entropy see [8, 26], and, for the entropy theory of random 
dynamical system we refer to [2, 4, 17, 21] and the references given there. The 
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relation between the random measure-theoretical and topological entropy is stated 
as follows. 

Theorem 2.1 (Bogenschlitz [4] and Kifer [18]). Let T be a continuous bundle RDS 
on £ over d, where ■& is invertible. Then htop{T) = ^^T>^eip(e) h']l\T) 

Remark 1. The classical variational principle follows from Theorem 2.1 by taking 
(ri, J-", P, i9) to be the trivial system. 

Following the ideas of Romagnoli [25] and Huang et al. [15], wc define a new 
notion of random measure-theoretical entropy for covers, which extends definition 
(5) to covers. It allows us to give a local version (for a given open cover 14) of 
Theorem 2.1. Let T be a homeomorphic bundle RDS on 8 over -d and /.t £ Vp{£). 
For W e Cf, let 

H^{U\T£)^ inf H^{n\F£). (7) 

It is not hard to prove that many of the properties of the conditional function 
H^iTZ. I J^s) can be extended to H^iU \ Ts) from partitions to covers; for details 
see [25]. 

We need the following basic result to prove Lemma 2.3. For {pfcl^^ C (0,1) 
SfcLi Vk < 1, as usual we define H{pi, . . . ,pk) = - Z]f=i Pk ^ogPk- 

Lemma 2.2. Fix K > 2. Suppose that pi, ... ,pK S (0,1) with pi < ■■■ < pK 
and J2k=iPk ^ 1- ^'5^ < (5i < pi and suppose that for each k = 2,...,K, 
5k e [0, 1 - Pk) and Y^^=2 4 = ^i. Then 

H{pi,. . . ,pk) > H{pi - di,p2+S2,...,PK + 5k)- 

Lemma 2.3. Let T be a homeomorphic bundle RDS on £ over i) and n e Pp{£). 
IfU, V eCs, then 

(1) . < H^{U \ Is) < \ogN{U), where N{U) = min{#F -.FcU, Ufg^f ^ ^1/ 

(2) . IfUh V, then H,,{U \ Fe) > H^{V \ Te); 

(3) . H,,{U V V I Ts) < H^{U 1 Fs) + H^{V \ Te); 

(4) . If^ IS invertible, then Hf,{Q-^U \ Tg) = Hef,{U \ Fs). 

Proof. Part (1), (2) and (3) are obvious. 

We now prove part (4). We follow the arguments applied in [25]. Since 

H^{Q-^U 1 Te) < inf H^iQ-^Tl \ Tg) = inf He^{n \ Tg), 

then H^{e-^U \T£)<He^{U\Te). 

We now prove the opposite inequality. Let 14 G Cg. For each TZ € Vs with TZ >r 
Q~^14, wc recursively construct a Q >^ W such that H^{Tl. \ Fs) > Hq^{Q \ J-g). 

Let U = {Ui,...,Um} and TZ = . . . , P^} h Q'^U with (I) ^ Rk Q O'^Uj^, 
jk G {1, . . . , M}, for each k g {1, . . . , K}. We may assume that jk ^ ji ii k ^ I, 
since the partition obtained by replacing Rk U Ri is coarser than TZ and still finer 
than Q-^U. Notice that O^^Uj^XUf^^O^^Uj, C For each k = l,...,K we 
define Pk = p{Rk \ J^e) and pk{io) = p^{Rk{uj)). Then 

K K K 

^Pk = ^KRk I J^s) = ^Pk{(^) = l^u,{Rk{^)) = 1, -P-a.s. w, 

k=l k=l k=l 
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and H^^ {TZ{uj)) = H{pi{uj), . . . ,pk{oj)) P-a.s. uj. By exchanging indices if necessary 
we assume pi < P2 < • ■ • < Pfc- Let us define 

K 

5,=fi{R^\Te)-Qii{U,A[jU,, 

1=2 

K 
1=2 

Then for P-a.s. cj, 

K 

Siiu) = fi^{Ri{cj)) - T^ii^{Uj,{M\ U UjA^uj)) > 0. 

1=2 

Define Bl = Uj,\[jf^^Uj, and = R2 U (Q-^U^^ n {Ri\e-^Bl)). For k = 
3,...,K, let 

fc-i 

Rl = Rk U (9-1(7,, n {Ri\&-'Bl) n{\jRlr). 

1=2 

Then for each w e O, BK^lo) = t/ji Ijfla (i^'^) and RI{uj) = i?2(w) U 
(rjiC/,,(,?c.) n {R,{L^)\Tj^Bli^Lo))). For fc = 3, . . . 

fc-i 

Rliu;) = Rkiio) U (Tji(7,,(^L.) n {R,{io)\Tj'Bl{i)u;)) n ((J 



i=2 



where (Ufj^' ^( (^))^ = ^c^VUt^' RlH- 

Define = {e-^Sj , i?^, . . . , i?]^ }. It is clear that Tli h Q-'^U. If Ji = 
then for F-a.s. w e 17, H^^(n{uj)) = H^,^{ni{uj)), it follows that H^,{n \ Fe) = 
Hfj_{TZi I Tc). If Si > 0, then for P-a.s. uj G ft, 61(10) > 0, Using Lemma 2.2 with 
(pi(w), . . . ,Pif(a;)) and = fi^{Rl{uj)) -/i^(i?fe(w)) for every fc G {2,...,K}, 

we have iJ^ (7e(u;)) > i/^ P-a.s. w S rj. Then i^p(7^ | Jf) > Hf.CJZi \ 

Inductively, for each n — 2, . . . , K , we construct 

7^„ = {e-i^r, . . . , e-iB,'j,K+i. ■ • • , ^^1 ^ 0"'^^, 

which satisfies that H^{Tin+i \ J-g) < H^{Tln \ J-s)- Let us give the construction 
of 7^„+l given 7^„. For each k G define 5^+^ = B^. Let B^+l = 

Uu^MJln+2 Un and Rl+l = U (e-iC/,„^, n For each 

fc e {n + 3, . . . , K}, define 

fc-i 

RI+' ^ Rl n (e-^c/,, n (K+Ae^'^^^l^) n (IJ R^+'y). 

1=2 

As before, for each fee {1, . . . , fc — n} define pk = K^Z+k I -^f) and Sk = P-iR^Xk I 
Ts) - e^K+k I -^f))- Let (5i = I ^£)) - OKB^Xl) I -^e)- By exchanging 

indices if necessary we assume that pi < ■ ■ ■ < PK-n- Using Lemma 2.2, we prove 
that H^iUn+i \F£)<H^{Tl^)\T£). 

We have that ff^(7^ | Te) > Hf,{nK \ Te) and TIk = Q^^Q with Q^U. Then 

H^{Q-^U I Ts) = ^mi_^^H^{n I Ts) 
> inf i7^(e-iQ I Fs) 
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inf HqiAQ I Fg) (since ■& is invertible) 



This complete the argument of Lemma 2.3. 



□ 



Let /i G Ip{£). It follows from parts (3) and (4) of Lemma 2.3 that H^{Uq~ \ 
Fs) is a sub-additive function of n G N. Let ■& be invertible. We may define the /i~ 
random measurable theoretic entropy of lA with respect to J-g as 

/iW-(T,W) = lim -H,{U^'-^ I Te) = inf -H^{U,'~^ \ Fe). 

n— >-oo n n>l n 

Since for each partition U e Ve, h^^^~{T,U) h'i[\T,U), then h';[\T) = 
suPiYeCf ''-A' ' The following lemma gives some stronger results. 

Lemma 2.4. Let T he a homeomorphic bundle RDS on £ over and fi G Ip{£), 
where d is invertible. Then 

(1) . h'i:\T)^supuec^^hi^^-iT,U); 

(2) . /i{r^~(r,W) < htop{T,U) for each U eCs. 

Proof. We follow the idea of Huang Wen et al. [15]. 

(1) For ^ G C^, let 7^ be the partition generated by U. Then TZ h l^, 
and hence h'^^^T) > h^^\T,'R) > h'jI^~{TM). This implies that h'-fl^^T) > 

Conversely, for a partition TZ G Vs, TZ = {Ri}i=i with i?; = (il x Pi) n where 
P = {Pi} is the partition of X into measurable sets such that Ri{uj) = nf^^, and 
e > 0, we have the following claim. 

Claim. There exists an open cover U £ with K elements such that for any finite 
measurable partition Q G "Pf with Q = {ft x Qi) n £, Qi{uj) = QiCi £^, finer than 
U &s a cover, H^^{TZ \ Q V Fg) < e. 

Proof the Claim. Let V — {Pi}i^i be a finite partition of X. Denote by V{oj) = 
{Pi{u})}i^i, Pi{ijj) = Pir]£i^, 1 < i < k, the corresponding partition of £u,. It is well 
known that there exists S{uj) > such that if /3 = {Bi}^^^ is a measurable partition 
of X and J2i=i Bi) < 5{uj) then H^^{V | /?) < e (See [26]). Since /i^ is 

regular, we can find compact subsets Qi C Pi with 



where (5 / (5(w)dP(w). Let Qo = ^\ULi Qi- Then ^(17 x Qo) < 5 /2k. Let = 
fixB,, where P, = Qo U Qi, i = 1, . . . , fc, is open in X. ThenZ^ = {Ui\'l^^f^£ G C|. 

For any partition S ^ U, S ^ {St} G Vs with 5^ = (fi x Ci) n £, where 
C = {Ci} is a partition of X, we can find a partition S' = {S-jf^i satisfying that 
C'i C Pi, S",' C f/,, i = 1, . . . , fc and 5 >r S', where S*,' = (f^ x Q') n £. Hence 
if^(7e I 5 V J-f) < H^{TZ I 5' V J-g). Note that B, D C'^ D X\\J^^,^ B, = Q„ and 
thus U, D S[ D (rJ X X)\Uj-:.,(f^ xB,) = nxQ,. One has 

A Pi) < ^l^{P^\Q^) + M<.(Qo) < 5{<^)/2k + S{uj)/2k = 5(w)/fc. 
Hence /^"(^I ^ ^0 < ^(^) and H^^{n{uj) \ S'{lo)) < e. Then 

Hf^iTZ I 5' V = H^iTZ V 5' | Fg) - H^{S' \ Fe) 




ti^{P^{uj)\Q^{uj))dP{u) < 6/2k^, I = 1, . . . , fc. 
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= j Hf^JTZW S'){Lj)dPiuj) - j H^^ {S'{io))dP{u) 

= J (i/^J7^v5')M-i^pJ5'M))dPM 

= J H^^{TZ{Lu)\S'{u:))dP{Lu)<e. 
Thus H^{n\SV J^e) < e. This ends the proof the claim. □ 

Now for n e N and a finite measurable partition Q„ >^ ^o ~^j since 8*Qn >z lA, 

< i < n — f , one has 

H^ijl"^'^ I Te) < H^iQn I J-f) + I Qn V J-£) 

ri-l 

< H^iQn I -^f) + ^ I e'Q„ v j-g) 

< H^iQn I J"£) + ne. 

Hence 

/.(:)(T,7e)= hm -i/^(7^^l 

< lim -H^iU^-' \^£)+e 

= /iM- (T, Z^) + e < sup /iM- (T, + e. 

Since 7?. and e are arbitrary, one has h''j^\T) < supj^g^o /i^'^'' {T,U). This ends the 
proof part (1). 

(2) It is enough to show that for each U = {Ui}'^^^ G Cg there exists TZ <E Vs finer 
than U such that i^^(7^ | Jf) < ff(r, 1) which implies Hf,{U \ Fs) < H{T,U, 1). 

Let dfi{u), x) = dfiaj{x)dP{uj) P-a.s. be the integration of fi. For each uj £ there 
exists C {l,...,fc} with cardinality N{T,u!,U,l) such that IJ^gj C^il^^^) 3 Su- 
Since U is finite, we can find wi, . . . , € 17 such that for each uj £ CI, = I^. for 
some i & {1, . . . , s}. For i = 1, . . . , s, define £>i = {w G : MwdJje/^^ = !}• 

Then is measurable for z = 1, . . . , s and ^'(Ui=i ^i) = 1- 

Fix i G {1, . . . , s}. Assume that luj, ^ {ki < ■ ■ ■ < fct,}, where = N{T,uji,U, 1). 
Take 7^' = {W^^, . . . , W/J, where = C/fe,, W^" = f/fcA'^fei, = 
t^fe^AU^Li' t^fc,. For any uj G A, since /^c.(U*=i W^jl^O) = A^-dJ.e/^, t^j(w)) = 1- 
'TV{uJi) can be considered as a finite partition of £^ (mod ^l^) and 

H^^{Tl\uji)) <\ogN{T,u:,,U,l). 

Let Ci = a = A\ Ujll Dj,i^\,...,sam\A = f\(U-=i(^« n U*=i W^O), 
where E, = {{uj,x) e £ : uj £ Ci,x e S^}. Set A, = A n (C/^ U'^i Uj), l^l,...,k. 
Then put 

7^ = {^1 n wl ...,EinWt\,...,Esr\W^,E,r\ wi,Ai n . . . , n £}. 

Clearly, 7?. is a finite measurable partition of £ finer than U. Now for w G C;, 

1 = 1, . . . , s, we have i/^^ (72.(w)) = i?^^ (7^'(wi)). Hence 
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(n{u))dP{uj) < \ogN{T,u,UA)dP{Lo) = H{TMA)- 
U;=i c. J 

This ends the proof of Lemma 2.4. 

□ 

Remark 2. The constructed U in fact belongs to C| in the proof of Lemma 2.4 
part (1). Then, more precisely, h^^\T) = sup^o' h[l^~{T,U) = sup^o h^jI^~(T,U)- 

When {Q,,F,P,'d) is a trivial system, the inequality h^,^^^ {T,U) < htop{T,U) can 
be easily obtained by the fact Hf^{a) < log #a for a £ Vx, where Vx is the set of 
partitions of X . 

Let Vx be the set of partitions of X and Ai{X) be the set of all Borel probability 
measures on X. For any a G Vx and 9 G M{X), we define \A\e = #{^ G a : 
0{A) > 0}. Then in the proof of Lemma 2.4 part (2), in fact we have obtained the 
following fact. 

Corollary 1. Let ii G Vp{£) and dfi{uj,x) = dficj{x)dP{uj) P-a.s. be the disinte- 
gration of fi. Then for any U € Cs, there exists TZ G Vc such that TZ ^ lA and 
I |^^< sup^gj^iV(r,a;,W, 1) for P-a.s. lu £ n. 

It follows from Lemma 2.4 that the inequality stated in Theorem 2.1 holds true. 
In fact, we have the following Theorem 2.5. The proof of this result will be completed 
in Section 4. In next section, we will introduce another new notion of random 
measure-theoretical entropy for covers, and prove a variational inequality for this 
new entropy. Using the inequality we can prove Theorem 2.5 in Section 4. 

Theorem 2.5. Let T be a homeomophic bundle RDS on £ over i}. Then for each 
U £ there exists ^ £ Tp{£) such that htop{T,U) = h^j^^ (T,U). 

Theorem 2.5 together with Lemma 2.4 implies that hto-p{T,U) < s\vp^h'"j\T). 
By taking the supremum over all covers U £ in Theorem 2.5, we can easily get 
Theorem 2.1 in the homeomorphic case. Moreover, Theorem 2.5 also shows that if 
there exists W G C| such that htop{T,hi) = /itop(T), then there exists £ Tp{£) 
such that h']l\T) = /itop(T)- 

3. A variational inequality of random entropy for /i/i . Let T be a home- 
omorphic bundle RDS on £ over -d. Given /.t G T.p{£) and U £ Ce we define 

Obviously, h'i['^'^ (T,U) > /i{r^"(r,W). By Lemma 2.4 part (1), h^l'^T) = 
supjYgc" ^^iJ^^^ {"I" M) also holds. For W G , it is not difficult to verify (See e.g. 
[4, 17]) that the infimum above can only over partitions Q of £^ into sets Qi of the 
form Qi ~ [rix P,) nf , where V = {Pi} is a partition of X into measurable subsets, 
so that Qiioj) = Pi{^£uj. In this section, we will show that, for given U £ , there 
always exists /x G Tp{£) such that h^f[^^{T,U) > htop{T,U). 
First we recall the definition of factor for two RDS (See [22]). 

Definition 3.1. Given two continuous bundle RDS Ti on £i C x Xi over -d, 
i = 1,2. T2 is called a factor of Ti if there exists a family of subjective continuous 
maps {tt^ : {£i)uj (^2)^} such that for P-a.s. w, (r2)aj ° t^oj t^^uj ° {Ti)uj and 
TT : {uj,x) — >■ {lUjTTujx) constitutes a measurable map from £1 to £2. 
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The following lemma is an obvious fact. 

Lemma 3.2. Let ip : Q £ he a factor map between continuous bundle RDS Ti 
on £ and T2 on Q over d, where f C f2 x X , Q C x Z . If jJL Xp{Q), v = ipfi, 
UePs andU e C^, then 

(1) . ht,j,{T2,i!-\U)) = htop{Ti,U); 

(2) . h'i[\T2,^p-Hn)) = hl;\Ti,n). 

We also need the following lemma. 

Lemma 3.3. Let T be a continuous bundle RDS on £ over and TZ G Vg. Then 
the following hold: 

(1) . the function fi — > Hf^{TZ \ J-g) is concave on 'Pp{£); 

(2) . the function fi h^i^\T^TZ) and fi — >■ h\^\T) are affine on Ip{£). 

Proof. (1) Let /i = az/ + (1 — 0)77, where i^, rj E Pp{£) and < a < 1. Since 
Ht.{Tl \ ^e) = J Hf,^{n{uj))dP{uj), n e Pp{£), and /i„ ^ H^^{n{uj)) is concave 
on M.{X), where M.{X) is the set of Borel probability measures on X. It is easy 
to see that 

H^{n I Ts) > aH,{n I Ts) + (1 - a)H,,{Tl \ Fe). (8) 

Then fi — > H^iTl \ ^e) is concave on Pp{£). 

(2) Let ^ ~ av + {1 — a)r/, where r/ E ^p{£) and < a < 1. Using inequality 
(8) we have 

< Hf,{n I Ts) - aH,{n I Te) - (1 - a)H,,{1Z \ Te) 
= y"(i^^J7^(w)) - aH,jn{uj)) - (l - a)H„^{n{uj)))dP{u;) 

< J{-a\oga- {l-a)\og{l-a))dP{uj) 
= —a log a — (1 — a) log(l — a). 

Hence 

/iW(T,7e) = ah^j\T,n) + (1 - a)hl;\T,n), (9) 

so that fi }i]^\t^TZ) is affine. 

Note that the supremum in the definition of h^^\T) can be taken over partitions 
Q of £ into sets Qi with the form Qi = [Vt x Pi) n where P = {Pi} is a partition 
of X. We can take an increasing sequence of finite Borel partitions Pj of X with 
diam(Pj ) 0. Then 

{n X y Pj) V {J" X X) ^ T ® B. 

j=i 

It follows from Lemma 1.6 in [17]) that 

where Qj = {Qj, }, Qj^ = [il x Pj.) fl f , and Pj = {Pji) is a finite Borel partition 
of X . Replacing TZ by TZj in the equality (9), letting j — c«, one has 

h^^\T)=ah^j\T) + {l-a)h^^\T), 

and we complete the proof of Lemma 3.3. □ 
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A real-valued function / defined on a compact metric space Z is called upper 
semi-continuous (for short u.s.c.) if one of the following equivalent conditions holds: 

1. limsup2/_^2 f{z') < f{^) for each z E Z; 

2. for each r e M, the set {z E Z : f{z) > r} is closed. 

By 2, the infimum of any family of u.s.c. functions is again a u.s.c. one; both the 
sum and suprcmum of finitely many u.s.c. functions arc u.s.c. ones. 

For each function / on £, which is measurable in (cj, x) and continuous in x G £i^, 

let 

II./II = / ||/(^)||oodP, where ||/(c^)||oo = sup | f{iu,x) \ . 

Let L^{rt,C{X)) be the space of such functions / with ||/|| < oo. If we identify / 
and g for /,g G Lg{Q,C{X)) with ||/ — .g|| = 0, then L^(r2,C(X)) is a Banach space 
with the norm || • || . 

For /i, G Vp{£), n = 1,2,..., one called that /i„ converges to /j, if / fd^n 
J fdfi as ?i — )■ oo for any / G 'Lg{^l,C{X)). This introduces a weak* topology in 
Vp{£). It is well known that Vp{£) is compact in this weak* topology. Moreover, 
the follow lemma holds ([18]). 

Lemma 3.4. For any Vk G 'Pp{£), fc G N, the set of limit points in the above weak* 
topology of the sequence 

Un = — 0*'^'n as n ^ OO 

n ^-^ 

k=Q 

is not empty and is contained in Xp{£). 

The following lemma shows that in the sense of the above weak* topology the 
random measure-theoretical entropy map with the cr-algebra J-g is u.s.c. The first 
part of it was already given in [18]. 

Lemma 3.5. Let T he a continuous RDS on £ over i?. Let V = {Pi, . . . , P^} he a 
finite partition of X satisfying J fj.i^{dT'uj)dP{uj) = 0, where are the disintegra- 
tions of jjL and 9Vu: = Ui=i d{P^n£^) is the boundary ofV^ = {PiOf^, . . . , Pk^£^}; 
denote by TZ the partition of £ into sets {Q x Pi) n £; then 

(a) , /i — H^{TZ I Fg) is a u.s.c. function on Vp{£). 

(b) . /i — > h'l[\T,TZ) is a u.s.c. function onTp{£). 

Proof. We only prove the second part. By (a), /i — > {Q^)^^TZ \ Tg) 

is also a u.s.c. function on Ip{£). Note that for /i G Ip{£), h'jj,\T,TZ) ~ 
inf„>i 7^^?/j(V"=o^(Q')^^^ I -^s)^ the function /i — > h^j^\T,'R) is the infimum 
of the family of u.s.c. functions -^H^C^^^q {Q^)~^Tl \ Fg) on 2p{£). By 2 in the 
definition of the u.s.c. function, fj. hlj\T,7V) is a u.s.c. function onIp(£). □ 

The following Lemma 3.6 is important in the argument of the variational inequal- 
ity of random entropy for /i^'^''"''. We follow the idea of Kifer [18] for constructing 
a measurable family of maximal separated sets on fibers in bundle RDS and that 
of Huang et al. [15] for tackling with the local variational inequality in the deter- 
ministic dynamical system. Then following Misiurewicz's method, we could avoid 
a similar combinatorial lemma in [3] as in the deterministic case and obtain the 
variational inequality of random entropy stated in the beginning of this section. 
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If 7^ = {R^} is a partition of £, then Q = VLo^ (©O^^^e (denote by (7e)o"^) is 
a partition consisting of sets {Qi} such that the corresponding partition Q{uj) — 
{gj(cj)}, Qj{oj) = {x : (w, x) e Qj} of £^ has the form Q{oj) = V^=o'(^i)"'7^(^9'w), 
where TZ{uj) = {Ri{uj)}, Ri{Lo) ~ {x € E^^ : {u),x) G Ri\ partitions Let 
Ai,A2 G J- y. B and each j4i(a;) be a closed subset of E^. It follows from [6, 
Proposition III. 13] that {{10^x1^x2) : Xi g Ai,Vi} belongs to the product cr-algebra 
J- y. (as a graph of a measurable multifunction). 

Lemma 3.6. Let X be zero-dimensional and T be a continuous RDS on £ over "d, 
U £ Cg. Assume K G N and {Ti-i}^^ is a finite sequence of partitions of £ finer 
than hi, where TZi ~ {Rij}, 1 < I < K and each Ri_i{uj) is clopen subset of X . 
Then for each n S N, there exists a family of maximal subsets -B„(a;) C £uj with 
cardinality at least [N {T, oj ,1/1 , n) / K] such that each atom of {TZi)q^^ (oj) contains 
at most one point of B„ {i-u) for I <l < K, and depending measurably on lu in the 
sense that Bn = {{uj,x) : x G -6,1(0;)} E J- x B, where [N{T,ijj,U,n)/ K] is the 
integer part of N(T, uj,lA,n)/ K . 

Proof. Let n e N. For any x e £^ and 1 < I < K , let A^^{x) be the atom of 
{TZif^^^ {uj) containing the point x. Then for any xi and X2 in and 1 < / < K, 
xi and X2 are contained in the same atom of {TZi)^~^ {io) if and only if A^^{xi) = 
A^ni^2)- For convenience, we write Qi — {TZi)^^^ and Qi{io) ~ {Qi_j{uj)} = 

For €j eZ+, set 

Dg = {{uj,xi, ...,Xq):uj€ft, Xi € £u,, Vi}, 

= {{io, XI, ... , xg) e Dg : Arjx,) ^ Atjx,), ^ j, Vl}, 

El]i = {iiu,xi,...,Xg)eDg: Atjx,) ^ Arjx,), Vt^j}, 

E^(uj) = {{xi,...,Xg) : {uj,xi,...,Xg) e E^} 

- {{xi,...,Xg) : {uj,xi,...,Xq) G E^^}. 

Observe that Dg £ F y.B^ ([18]), where B'' is the product cr-algebra on the product 
X'' of q copies of X. E'^i can also be expressed as 

Eg I = {(w, xi, . . . ,Xg) e Dg : Xi £ Q/,r(a;), xj G Qi,s(a;), Vi ^ j, Vr ^ s} 
= (J {{uj,xi,. . . ,Xg) e Dg : e Qi.r.ii^), yi}, 

where the union takes over all the elements of the set {(ri, • • • , r,) G N"* : 1 < ri < 
r2 < ••• < < #Qi}. 
Put 

EqJ = {(1^,3:1, ■ . ■ ,Xg) e Dg : Xi € Ql,r^{u)), Vl}, 

Eg'J{^) = {{xi, ...,Xg)£Dg:{uj,xi,...,Xg)e E"^ f } . 

The set E^f may be empty. Note that each Qi^n G x B and Qi^nioj) is closed 
subset of £^ by the continuity of the RDS T. If E^^'[ is not an empty subset of 
Q, X X'', then E^'^ £ T x B'^ and E^'[{ijj) is a closed subset of £^. In particular, 
E^ G F X B'^ and E^^{uj) is also a closed subset of £^. 

Let s„(aj) be the largest cardinality of Bn{uj) such that any element of Qi{uj) 
contains at most one point of Bn{uj)- By Theorem III. 23 in [6] it follows that 

{lu : s„(w) >q} = {Lu: E^{iu) ^ 0} = Pm E^ G 
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where Pin is the projection of 57 x X* to S7, and so s„(a;) is measurable in lj. 

Observe that the sets flq ~ {uj : Sn{uj) = q} are measurable, disjoint and 
Uq>i = ^- It follows from Theorem III. 30 in [6] that the multifunction ^1^^ 
defined by 'l'g(w) = E^{lo) for w S fig is measurable, and it admits a measurable 
selection Oq which is a measurable map Uq : ^ X'^ such that <Jq{i^) G Eqiuj) for 
all w e rig. Let be the multifunction from X'^ to g-point subsets of X defined 
by C,q{xi, • • • , Xq) = {xi, • • • , Xq} C X. Thcu Cg o (Tg is a multifunction assigning to 
each a; € a maximal subset _B„(w) in f^^. 

Let B'^{uj) be a maximal subset of such that any atom of Qi{u)) contains at 
most one point of B'^{uj) for 1 < Z < K. We claim that the cardinality of B'^^iu)) 
is no less than [N [T ,uj ,U ,n) / K]. Assume the contrary, i.e., B'^{uj) = {xi, . . . ,Xd} 
with d < [N{T,uj,U,n)/K]. 

Set B^ = [j^=l[J'i:=l^f,nix^)^\£u.■ For any 1 < i < d and 1 < Z < 
K, Af^{xi) is an atom of Qi{uj), and thus is contained in an element of 

Uq^^{uj) = \/^Jo^{T^)~'^l({i)'uj). Particularly, B^ is covered by at most dK < 
K[N{T,uj,U,n)/K] < N{T,oj,U,n) elements of Wq^^^w) . Since any subcovcr of 
Uq-^u}) which covers £ui has at least N(T,uj,U,n) elements, we have £cu\B^ ^ 0. 

Choosing an arbitrary point x S £uj\Buj, we have x ^ Uf=i Uf=i ^fni^i)- ^ote 
that for any 1 < i < d and I < I < K, Af^j^{x) ^ Af^^{xi), we conclude that 
B'^{(jj)U{x} is also a subset of £ui such that any atom of Qi{uj) contains at most one 
point of B'^{uj) U {x} for 1 < I < K. This is contradiction, as B'^{ui) is maximal. 
Choosing Bn{uj) C B'^{uj) with the cardinality [N{T,uj,U,n)/K] we obtain the 
maximal subset we needed. 

For any open subset U C X, set V^{i) = {{xi, ■ ■ ■ ,Xq) E X'^ : Xi E U} which is 
an open subset of X''. Then 

{c^ e f7g : Cg o aq{uj) n [/ ^ 0} = U (7g-iy^(i) E ^. 
Let <^{uj) = o cr^^(„)(a;), then 

OO 

{u : <P{uj) n C/ 7^ 0} = y {cj G f7g : Cg ° crg(w) n f/ / 0} G J". 

9=1 

Hence $ is a measurable multifunction which assigns to each w G a maximal 
finite subset B„(a;) with cardinality at least [N{T,ui,L(,n)/K] such that each atom 
of {TZi)q~^{u}) contains at most one point of Bn{Lo) for 1 <l < K, and we complete 
the proof of Lemma 3.6. □ 

Lemma 3.7. Let T be a continuous bundle RDS on £ over There exists a 
continuous bundle RDS S on Y C fl x over i?, where K is a Cantor space, and 
a family of subjective continuous maps {tt^ : 1^ — > £u>}u>!^n such that Tr^^i o = 
Tuj o TT^j for P-a.s. lo and tt : {uj^y) — > {L>J,'K^y) constitutes a measurable map from 
Y to £. 

Proof. Since X is compact metric space, there exists a Cantor space K and a 
subjective continuous map f : K ^ X. For each w G fi, f~^{£uj) is a closed 
subset of K. Let K^^ = f^^{£^) and /^^ be the restriction of / on K^. Denote by 
Ili^o^i?'!^ = X K{)^ X • • • X K^ii.^ X • • • . Since K^^ is a Cantor subset of 
fPf^oK^i^ is also a Cantor subspace of K^, where the latter is equipped with the 
product topology. 
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For each ui, put 

Ylu = {y & ^"^qK^,^ : T^^uih^uiiVn) = /tf-+ia;(yn+i) for cvcry n e N}. 

Then is a closed subset of for each e f2. Let Y ~ {{lj, y) : uj <E ft,y ^ Y^}. 
Then Y is measurable in fl x K^, i.e., {w : fl C/ ^ 0} G J-" for each open 
subset U G K^. In fact, Let U = Il^gC/i, where Ui is the element of the basis 
of K. Note that for each i G N, Ui is a, clopen set. li y € Yui HU, then for each 
n e N, one have y„ g [/„, ?;„+i G C/„+i and T^r^ujU^ujiVn) = U^+^uiUn+i)- Let 
Ki = .h^uiiUn) = f{K^^uj n J7,i), 71 e N. Then is the closed subset of £^^^, 
n G N. It follows that 

oo 

{UJ -.Y^nU ^ 9} = f^{uj ■■ T^^u,h^u,[yn) = I-d" + ^uj{Vn+l),Vn £ Un,yn+1 £ C/7i+l} 
n=0 
oo 

= Pi : T^^ujXn = a^n+i, a;„ G a;„+i G K+i} 

oo 

Since the map (w, a;) — T^^a; is measurable and Vn is closed in X for each n G N, 
then 

{(a;,x) G 17 X K : T^j.^x G K+i} 

={(a;,x) : G K+i} n : w G G K} 

is a measurable subset of O x X for each rt G N. By the projection theorem in [6] 
(Theorem III. 23), one have 

[u : T^-^K+i n K 7^ 0} G ^, 

for each n G N. Then : n C/ 7^ 0} G -F. 

For each w, let tt^^ : 11; ^ be defined by '!Tuj{y) = fu{ya)- Then i:^ is a 
subjective continuous map. Let tt : (w,?/) ^ (uj^Tr^y) be the map from y to £. 
Note that for fixed y, {w : Tr^^y G A} = or the null set for any open subset A of 
X, where Yy = {u : {to,y) G Y} is the y-section of Y. By the measurability of Y, 
one knows that the map — > Tr^^y is measurable in uj. Since — Tr^^y is 

continuous in y, then the map (w, y) — >■ tt^j?/ in jointly measurable and tt constitutes 
a measurable map from from Y to 

Let S'cj : ~> Y^Lj be defined by the left shift {Su,y)i ~ i G N for each uj . 
Obviously, {to, y) Si^y is continuous in y. With a similar argument as in the above 
proof of the measurability of Y , one can show that (w, y) — > S^y is measurable in uj. 
Then the map {uj, y) Si^y is jointly measurable. Then the map S -.Y -^Y defined 
by {uj,y) —7- {'du!,Sujy) constitutes a skew product transformation. It is immediate 
to check that tt^,^ o S^) = o tt^^j. This completes the proof the lemma. □ 

Remark 3. In the deterministic dynamical system, it is well-known that for any 
dynamical system (X, (p), where X is a compact metric space and Lp : X X 
is a subjective continuous map, there exists a zero-dimensional dynamical system 
{Z, ip) and a subjective continuous map t : Z X with t o ijj ~ ip o t (See e.g. 
[3]). The above lemma gives a random version of this result. When (fi, P, t?) is a 
trivial system, Lemma 3.7 is the result in the deterministic case. For homeomorphic 
bundle RDS, through replacing the left shift by two-sided shift and K^^ by one 
can find that a similar result also holds. 
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The sequel of this section is devoted to the proof of the following variational 
inequality of random entropy for h']^^^ . 

Theorem 3.8. Let T he a homeomorphic bundle RDS on £ over ^ and U £ Cg . 
Then there exists a fi G Ip{£) such that h^i^'^'^ (T ,IA) > htop(T,U). 

Proof. We adopt the argument in [15] for the deterministic dynamical system. 
Let U = {nx U^}f^J^n£ e C|'. Then A = {U,}f^^ is an open cover of X. Define 

U* = {UeVs ■.n= {Qx R,}f^i n £, Rm C Urn for aU 1 < m < d}. 

Case 1. Assume that X is zero-dimensional. Then the family of partitions finer 
than U, consisting of sets {fl x Ri}n£ with each Ri being clopen sets, is countable. 
Let {TZi : ^ > 1} be the enumeration of this family. It is clear that {TZi} C U* . 

Fix 71 G N. By Lemma 3.6, there exists a measurable in w family of maximal 

subsets Cn{uj) of £ui 

c„H i?„2((e")-l^^,{(e")-l7^^}Ll,L.) c 5^ 

with cardinality at least [Af(r, (6")~^W, 7i^)/n] such that any atom of 

{TZiy^^'^"~'^ (ui) contains at most one point of C„(a;) for all 1 < Z < n. 
Next, define probability measures v„ on £ via their measurable disintegrations 
i^n.uj, where v„^i^ is the equidistributed probability measure on C„(aj), so that 
duniijJ-, = dvn^uj{x)dP{Lo). Then for each < < n, every element of 

(eO-l(7^^)^^'+"-H^) = {TL)-^\J';LT'\Tl,)-^Tli{di+'u:), which is finer than 

(7^^);^'+"-l(w) = Vf=n'^^iT;i,)~^ni{^^uj), also contains at most one atom of the 
discrete measure i'n,u)- Since for each uj, 

N{T, uj,U, n^ + n) < N{T, uj,U, n) ■ N{T, u, (6")"^^, n^) 
< d"N{T,uj,{e"y^U,n'^), 

we have for any 1 < i, / < ri, 

>\og[-N{T,Lo,ien-'U,n^)]>log[^N{T,u:,U,n^ + n)]. (10) 

Since Vn^uj is supported by £^, T^Vri,ui is supported by £^i^, for all 1 < i,^ < n, 
integrating in (10) against P, we have by (4) the inequality 

- j ^°d^N{T,LoM.n^ + n)]dP{u). 

Fix TO e N with m < n, and let n'^ + n = km + b, where < & < to — 1. Then 
for 1 < i, / < we have 

k-l 

= i/e..„ ((7^^)^l+"-^ V V (e™^)-i(7eos^-^ I t^) 
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fe-1 

fe-1 

< i^0,+™J^„((7^^)o""^ I ^s) + mlogd (by Lemma 2.3 (1) and (4)) 

j=o 

Summing over < i < m — 1 for each 1 < / < n, we get 

ni—l 

\og[—N{T,Lo,U.n^ + n)]dP{Lo) < ^ i/e..„ ((7^0o'+""' I -^f) 

m— 1 k—1 

i=0 j=0 
ri^+Ti-l 

< E ^ev„((7ei)o""M-^£)+m^logd. 

i=0 

Denote 

^ n'^+n—l 
t^n = E 



2 = 



bmce the function [i H^,{{n{)"^~^ \ Tg) is concave on Vp{E), by Lemma 3.3 part 
(1), we get for each 1 < ^ < ti, 



n +n— 1 

j \og[^ N {T, ijj, ri^ + n)]dP{uj)- mlogd). (11) 



m 

> — — 



+ n 

Suppose that fJ. as k ^ oo with ^ e 'Pp{£) in the weak* topology. Then 

by Lemma 3.4, /i G Xp{£). Fixing m G N, we have 

lim ( / \og[—^N{T,ujM,nl + nk)]dP{uj) ~ mlogd) ^ htop{T,U). 

k—yoo "T J ^^k^ ^ 

(12) 

Since any element of (7^/)™ ^(w) is clopen for each a; G 51, by Lemma 3.5, 
equation (12), and replacing n by Uk in the inequality (11) and letting k — > +oo, 
we get 

-HMT^i)^-'\J'£)>htop{T,U), 
m 

for any l,m G N. 

Fixing I G N and letting m ^ cx), we get h'jl\T,ni) > htop{T,Vl). Since X is 
zero-dimensional, {TZi}i>i is dense in U* with respect to the distance associated 
with L^ifJ.)- Hence 

hl:'>+{T,U) = inf /i^rHr, Q) = inf /^^:'H^,7^^) > htop{T,U). 

This completes the proof of Case 1 . 

Case 2. This is the general case. By Lemma 3.7, there exists a homeomorphic 
bundle RDS S on Q C x Z over where Z is zero-dimensional, and a factor map 
ij -.g ^ £ such that Toil' ^i'oS. 
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By Case 1 and Lemma 3.2, there exists v g 2p{G) such that hJ''^{S,ip ^{U)) > 
htop{S, ip~^{U)) = hto-p{T,U). This means that for each partitions TZ oiQ finer than 
ip'^iU), h^j\s,n) > htop{T,U)- Let ^ = i^v, then £ Tp{E) [22]. It fohows that 
for any partition Q of f finer than U, is also a partition of Q finer than 

Tp-^iU). By Lemma 3.2 we have h^il\T, Q) = h''i!^\s,^-^{Q)) > htopiT,U). Hence 
h^,^'^^{T,U) > htop{T,U) and we complete the proof. □ 

fr) — 

4. A local variational principle for hfj, .In this section, we will prove a local 
variational principle for a certain class of covers oiflxX, i.e. for U S Cq^j^. We first 
give some relations between the two kinds of random measure-theoretical entropy 
for covers, then use these results and Theorem 3.8 to prove this local variational 
principle. 

Lemma 4.1. Let T be a homeomorphic bundle RDS on £ over 1} and fi G Ip{£). 
Then for U Cg, we have 

(1) . h'i:^~iTM)<h'i:^+{T,U); 

(2) . h^^^'{T,U) = {l/M)hi^^~iT^^,Vlo'~^) for each M e N; 

(3) . 4''>-(r,W) =lim™(l/7i)/i(:)+(T",iYr'). 

Proof. Part (1) and (2) is obvious. We only prove part (3). By part (1) and (2), 
for any M £ N, we have 

Taking the limit when n +cxd, we complete the argument. □ 

For each A; G N, let Ip{T'',£) = {/i e Pp(f) : fi is O'^-invariant}. Ip{T,£) is 
simply written as the usual Ip{£). 
Now we prove Theorem 2.5. 

Proof of Theorem 2.5. We follow the method applied in [15] and [14] for the deter- 
ministic system. 

Let U = {nx C/Jf^i nf e C|'. Then A = {U,}f^^ is an open cover of X. Define 

U* ^ {TZeVs -.n^ {Q X R^jf^i n £, Rm C Um for aU 1 < i < d}. 

Case 1. Assume that X is zero-dimensional. Then the family of partitions finer 
than U, consisting of sets {fl x Ri} D £ with each Ri being clopen sets, is countable. 
Let {TZi : ^ > 1} be the enumeration of this family. It is clear that {7?.;} C U* . 
Moreover, for any k G N and ^ £ 2p{£), 

k-l 

^ ^inf^ /,W(T^ \/(e')-i7e,,(,)). (13) 

i=0 

For any fc £ N and Sk £ N*"', denote 

fe-i 

i=0 

> ^htop{T\U^-^) = htopiTM)]- 
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By Theorem 3.8 we know that there exists G IpiT'^,£) such that 
/^W+(T^^i^l)>;^top(T^^^o^-l). 

Since Vt^o is finer than Ul^-^ for each Sk E N^ one has 

fc-1 

hi'^{T\ V m-'T^s,i^)) > /^top(^^Wo^-l). (14) 

1=0 

Let 

fc-1 



i=0 

As for each < i < fc - 1, O'fik e Ip{T'',£), one has Vk £ ^p{£)- For s^. e N''^ and 
1 < j < — Ij denote 

P^Sfc = Sfc(fc - j>;,(fc - .7 + 1) . . . Skik - 1) Sfe(0)sfc(l) . . . Sfc(fc - J - 1) e N*^ 
and P°Sfc = Sfc. It is easy to see tliat for < j < fc — 1, 

i=0 4=0 

> htop{T\U^-^) (by inequality (14)). 
Moreover by Lemma 3.3 part (2) for each e N*^, 

1=0 1=0 i=0 

This means that i^fe e ris,,6N'= M{k,Sk). Let M(fc) = fl.s.eN'' M{k,Sk), Then Af(fc) 
is non-empty subset of Ip{£). 

By Lemma 3.5 part (b), for each Sk £ N*"' the map /i ^' 
4''^(T'=, VtTo (6*)~^^s,w) is a u.s.c. function from Ip{T^,£) to R. Since 
Ip{£) C Ip{T^,£), the map /^^^^(T''', Vto (©'O'^^s^w) is also u.s.c. on 

Ip{£). Therefore, M(k,Sk) is closed in 2p{£) for each Sk £ N*^- Thus M{k) is a 
non-empty closed subset of Ip{£). 

Now we show that if fci , ^2 £ N with fci | ^2 then A/ (^2) C M (fci). Let /x e M{k2) 
and fc = ^2/^1- For any s^^ G N''!, let Sfe^ = Sk^ ■ ■ ■ Sk^ £ N''^ Then 

fc2-i 

/itop(r,w) < TrhllXT'^, V (Q')"'^^..w) 

1 = 

fc"— 1 fci— 1 

^ j=0 i=0 



^1 

1=0 



Hence ^ £ M{ki, s^J. Then /i G A/(fc 
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Since for each ki,k2 e N, M{ki)nM{k2) D M{kik2) ^ 0, then flfceN^^C^) ^ ^■ 
Take ^ £ PlfceN M{k). For any S N, by equation (13) one has 




Moreover, by Lemma 4.1 part (3), one gets that 

/iW-(T,^) = hm i/^W+(T^W^l) > /itop(T,iY). 

^ fe— >+oo A; ^ 

FoUowing Lemma 3.3 part (2), we have h^j^^~ {T,U) — htop(T,U). This ends the 
proof of Case 1 . 

Case 2. This is the general case. 

By Lemma 3.7, there exists a homeomorphic bundle RDS S on Q C x Z over 
t?, where Z is zero-dimensional, and a factor map : Q ^ £. Let V = ijj^^U. 
By Lemma 3.2 part (1), one has htop{S,V) = htop{T,U). By Case 1, there exists 

e Ip{g) such that V) = /itop(5', V). Let = ipv, then ^ G 2:p(f). Note 

that UN eN andU eVs is finer than then V'^HT?-) e is finer than V^"^ 

Thus H^{TZ I J-f) = H^i^p-^TZ \ i^-^Fs) = H,{i'~^n \ Tg) > H,{V^-^ \ Fg). 
Hence H^,{U^-^ \ Tg) > H^{Vo~^ \ J'g) for each N eN. Thus one get 




= hi-^-{S,V) - /itop(^, V) = /itop(T,W) > hl^^-iT,U). 
We complete the argument of this theorem. 

□ 
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